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Despite the fact that the low energy behavior of the basic Kondo model cannot be studied per-
turbatively it was eventually shown by Wilson, Anderson, Nozie`res and others to have a simple
“local Fermi liquid theory” description. That is electronic degrees of freedom become effectively
non-interacting in the zero energy limit. However, generalized versions of the Kondo model in-
volving more than one channel or impurity may exhibit low energy behavior of a less trivial sort
which can, nonetheless, be solved exactly using either Bethe ansatz or conformal field theory and
bosonization techniques. Now the low energy limit exhibits interacting many body behavior. For
example, processes in which a single electron scatters off the impurity into a multi electron-hole
state have a non-vanishing (and sometimes large) amplitude at zero energy. This corresponds to
a rare solveable example of non-Fermi liquid behavior. Essential features of these phenomena are
reviewed here.
I. INTRODUCTION
Kondo’s seminal paper of forty years ago1 showed that
the low energy behavior of the Kondo model is funda-
mentally non-perturbative. I write the Hamiltonian as:
H =
∑
~kα
ψ†α
~k
ψ~kαǫ(k) + J
~S ·
∑
~k~k′
ψ†
~k
~σ
2
ψ~k′ (1.1)
where ψ~kα’s are conduction electron annihilation opera-
tors, (of momentum ~k, spin α) and ~S represents the spin
of the magnetic impurity with
[Sa, Sb] = iǫabcSc. (1.2)
There is an implicit sum over electron spin indices, α
in the interaction term in Eq. (1.1). The dimensionless
coupling constant is
λ ≡ Jν, (1.3)
where ν is the density of states at the Fermi surface. As
Kondo showed, perturbation theory in λ is infrared diver-
gent at low T . For instance, the temperature-dependent
resisitivity for a dilute array of impurities is given by a
formula of the form:
ρ(T ) ∼ [λ+ λ2 ln
D
T
+ ...]2 (1.4)
Here D is the band-width. No matter how small the cou-
pling constant, λ, the higher order terms eventually over-
whelm the lower order ones at low enough temperature.
This result stimulated an enormous amount of theoret-
ical work. As Nozie`res put it, “Theorists ‘diverged’ on
their own, leaving the experiment realities way behind”.2
As was realized later, the divergence of the resistivity
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formula has an elegant interpretation in terms of renor-
malization group (RG) concepts. The scale dependent
effective coupling constant, λ(T ) diverges as T → 0:
λ(T ) ≈ λ+ λ2 ln
D
T
+ . . . (1.5)
The temperature at which the higher order terms over-
whelm the lower order ones,
TK ≈ D exp[−1/λ], (1.6)
defines a fundamental energy scale. Perturbation theory
can be applied for T >> TK but not for T ≤ TK . The
low T behavior is fundamentally non-perturbative.
Nonetheless, the physics was eventually shown by
Wilson,3 Anderson,4 Nozie`res5 and others to be simple
at very low energies, E << TK . Only the intermediate
energy range where E is O(TK) defies a simple descrip-
tion. This simplicity at very low energies arises from the
fact, that in a certain sense to be made precise below,
λ(T )→∞ at T → 0. This infinite λ behavior is actually
quite simple. (I begin with the case of an S = 1/2 impu-
rity.) One electron forms a singlet with the impurity. The
remaining low energy electronic degrees of freedom feel
an infinite repulsion from the screened impurity which
corresponds to a π/2 phase shift in the s-wave channel.
The induced electron-electron interactions among these
low energy degrees of freedom become increasingly unim-
portant as the energy scale decreases, corresponding to ir-
relevant interactions in the renormalization group sense.
They lead to a simple dependence of physical quanti-
ties on T (or other energy scales) which can be Taylor
expanded in powers of T/TK . From a renormalization
group viewpoint, the low energy fixed point (λ → ∞)
is simply non-interacting electrons, like the high-energy
fixed point (λ = 0) except for the removal of the impu-
rity spin and the presence of a modified boundary condi-
tion at the impurity location corresponding to the phase
shift. The Kondo model thus provides a rare example of
a renormalization group flow between two different fixed
points, both of which are trivial.
2It is perhaps surprising that simple modifications of
the basic Kondo model can completely change this triv-
ial low energy behavior.6 The simplest such modification
is to include several channels of electrons, changing the
Hamiltonian of Eq. (1.1) to:
H =
∑
~kα,i
ψ†αi~k
ψ~kαiǫ(k) + J
~S ·
∑
~k~k′
ψ†i~k
~σ
2
ψ~k′i (1.7)
Here i labels the “channels” and runs from 1 to k (not to
be confused with the momentum label, ~k). This funda-
mental change in low energy behavior was first demon-
strated by Nozie`res and Blandin6 by simple, intuitive
RG arguments. Some aspects of these models were later
solved for exactly using the Bethe ansatz.7,8 This is a
powerful method which allows calculations of thermody-
namic quantities at all temperatures, enabling a study of
the cross over between high energy and low energy fixed
points. Later, Ludwig and I developed techniques to also
calculate dynamical correlation functions, the resistivity
and, in fact, any low energy property of these models.
This amounted to an exact solution for the low energy
fixed point which no longer has a simple Fermi liquid
form. Since the interactions in these models only occur
near the origin the low energy bulk behavior is always that
of free electrons. However, there is no quarantee that the
behavior near the origin is also free electron like. This
happens to be the case for the simplest Kondo model but
is not so in general. What does turn out to be true in
general is that the low energy behavior is given by a free
electron model with some sort of conformally invariant
boundary condition (BC) at the origin (that is, at the
impurity location). In the simplest case this BC is of
a trivial type which just corresponds to the phase shift
mentioned above. In other cases, this BC encodes cer-
tain non-trivial electron-electron interactions which oc-
cur only near the origin. Indeed the problem of find-
ing and studying such BC’s turns out to be surprisingly
rich but fortunately was solved in an elegant and general
way by Cardy.9 Ludwig and I10,11,12,13,14,15,16 were able
to adapt Cardy’s methods to generalized Kondo models.
[For a much more extensive review of this work than is
given here, see Ref. (17).] Among low energy proper-
ties which can be solved for by these techniques are the
S-matrix for low energy scattering off the impurity. In
the single-channel model, an incoming electron at energy
near EF (the Fermi energy) only scatters into a single
outgoing electron at low T . All multi-electron-hole scat-
tering processes have amplitudes which vanish as the en-
ergy and T → 0. This is just like what happens in stan-
dard Landau Fermi liquid theory for electron-electron
scattering. In some of the multi-channel models the am-
plitude for these multi-electron-hole processes is non-zero
(and is sometimes large) in the zero energy limit. Thus,
we speak of non-Fermi liquid fixed points.
Shortly after the general solution of the non-Fermi liq-
uid Kondo fixed points using boundary condition tech-
niques, was obtained, an alternative, simpler approach
was developed18 by Emery and Kivelson for the partic-
ular, and most experimentally relevant case, of k = 2,
S = 1/2. This is based on standard bosonization meth-
ods, and the study of a particular anisotropic model
which can be mapped onto non-interacting fermions.
In this brief review, I will focus exclusively on the
multi-channel Kondo model as a route to non-Fermi liq-
uid behavior. However, another rather well-studied gen-
eralization of the basic Kondo model which exhibits non-
Fermi liquid behavior is the 2 impurity Kondo model.19
Other generalizations with non-Fermi liquid behavior are
also known. At this point in time, the multi-channel (in
particular, 2 channel) Kondo model appears to offer the
best hope for experimental realization.
In the next section I review the perturbative results
on the multi-channel Kondo model and the Nozie`res-
Blandin analysis6 of the strong coupling limit which first
showed that the low energy fixed point was not of Fermi
liquid type when the number of channels, k > 2S, where
S is the size of the impurity spin. In Sec. III I dis-
cuss the mapping onto a one-dimensional model which
can be approximated as a Dirac fermion on the half-line
with the impurity at the origin. I then discuss the π/2
phase shift as a simple boundary condition. In Sec. IV
I sketch some aspects of Cardy’s general theory of con-
formally invariant BC’s and how it was applied to the
multi-channel Kondo model. In Sec. V I discuss the sta-
bility of the non-Fermi liquid fixed point against various
types of symmetry breaking interactions which may be
present in the Hamiltonian. I also briefly review various
proposed physical realizations.
II. PERTURBATIVE RESULTS AND STRONG
COUPLING LIMIT
It is relatively straightforward to calculate the β-
function, which gives the change in effective coupling
constant, λ, as the bandwith of the fermions is lowered,
integrating out modes away from the Fermi surface. Al-
though a pseudo-fermion representation is sometimes in-
troduced for the impurity spin, it is simpler to calculate
directly expectation values of time-ordered products of
spin operators in the non-interacting groundstate, using
the spin commutation relations and ~S · ~S = S(S + 1)I,
where I is the identity matrix. The spin operators have
no time-dependence in this non-interacting groundstate
but the time-ordering introduces some minus signs due
to the non-commutation of the spin operators. That is
the time-ordered product:
T [Sa(t1)S
b(t2)] = θ(t1−t2)S
aSb+θ(t2−t1)S
bSa. (2.1)
Note that the operators have no time-dependence on the
right hand side of this equation. In the S=1/2 case we
may use:
SaSb = (1/4)δabI+ (i/2)ǫabcSc. (2.2)
3FIG. 1: Feynman diagrams contributing to the β-function to
O(λ4).
Combining these minus signs with the free fermion pro-
pogators which can be conveniently written in position
space at x = 0 it is straightforward to calculate the β-
function. The diagrams, to fourth order, are shown in
Fig. (1), and the result is:20,21
dλ/d(lnD′) = −[λ2 − (k/2)λ3 +O(λ4).] (2.3)
[See App. B of Ref. (12) for a quick derivation using
the operator product expansion.] The lowest order term,
essentially found by Kondo, tells us that as we lower the
cut-off, D, a small antiferromagnetic (λ > 0) effective
coupling begins to increase. Keeping only this leading
term, we obtain the effective coupling:
λ(D′) ≈
λ0
1− λ0 ln(D/D′)
, (2.4)
where λ0 is the bare coupling constant and D
′ is the
reduced bandwidth. This simply tells us that the effec-
tive coupling becomes large at D′ ≈ TK , defined in Eq.
(1.6), in the antiferromagnetic case, λ > 0. Conversely,
in the ferromagnetic case, λ < 0, the effective coupling
goes to zero at low energy scales. In the ferromagnetic
case, a small bare coupling just keeps on getting smaller
so that we never need to consider any terms beyond the
first one in the β-function. In this ferromagnetic case,
the low energy fixed point corresponds to an impurity
spin which decouples from the non-interacting conduc-
tion electrons. Conversely, in the antiferromagnetic case,
at energy scales of O(TK) where λ becomes O(1) it is not
sufficient to keep only the leading term in the β-function.
In fact, normally all high order terms become important
at this stage and we lose control over the calculation.
This is what makes the simple assertion that, in some
sense, λ → ∞ a non-obvious assumption in the simple,
k = 1 case.
However, something very nice and very special happens
in the antiferromagnetic case, when k ≫ 1, as observed
by Nozie`res and Blandin.5 If we keep only the first two
terms then the β function vanishes at a fixed point cou-
pling:
λc ≈ 2/k. (2.5)
The third term in the β-function has no powers of k. This
can be seen from Fig. (1), observing that the powers of k
come from fermion loops. Therefore, while the first two
terms in the β-function are O(1/k2) at the fixed point,
the third term is O(1/k4). In fact, all higher order terms
are negligible compared to the first two at this fixed point
at large k. Thus, as we reduce the bandwidth, the effec-
tive coupling flows to an asymptotic small, non-zero value
at low energies. This correponds to a non-trivial critical
behavior, different than the trivial strong coupling be-
havior ocurring for k = 1. One way of seeing this is to
observe that the slope of the β-function at the critical
point is:
(dβ/dλ)λc ≈ −2/k. (2.6)
At this intermediate coupling fixed point, we expect to
be able to introduce a new basis of local operators and
corresponding coupling constants. i.e.
Heff = Hc + (λ− λc)O + . . . (2.7)
Here Hc is the fixed point Hamiltonian (i.e. free fermions
together with a conformally invariant BC) and O is the
leading irrelevant operator at the fixed point. The fact
that the corresponding coupling constant, λ−λc has the
β-function:
d(λ− λc)/d lnD = ((2/k)(λ− λc) +O[(λ− λc)
2], (2.8)
tells us that the corresponding operator, O has a non-
trivial scaling dimension of 1 + 2/k and therefore this
is not a Fermi liquid fixed point. (At Fermi liquid
fixed points all operators can be written in terms of
free fermion fields and therefore have scaling dimensions
which are integers or 1/2-integers. Furthermore Heff
only contains operators with even numbers of fermions
which therefore have integer dimensions.)
Further insight into the situation can be obtained by
considering the strong coupling limit. Let us first con-
sider the case S = 1/2, k = 1. It is convenient to consider
a tight-binding model with a hopping term t in the limit
t << J with the Kondo interaction on the site 0 only.
Thus we consider a Hamiltonian:
H = −t
∑
<i,j>
ψ†iψj + Jψ
†
0
~σ
2
ψ0 · ~S. (2.9)
The first sum is over nearest neighbors on some lattice.
(The details of the lattice are unimportant.) We con-
sider the case of large antiferromagnetic Kondo coupling,
J >> t > 0 . The groundstate must have exactly one
electron at the origin which forms a singlet with the im-
purity spin. Adding or removing one electron from the
origin costs a large energy of O(J). All the other elec-
trons can do anything they like as long as they stay away
4from the origin. Thus, for a small non-zero t, they will
form a free electron groundstate on all sites but the ori-
gin. Low energy excitations simply correspond to the
usual excitations of such a free fermion system with a
vanishing boundary condition at the origin. In a spher-
ically symmetric version of the problem, this BC corre-
sponds to a π/2 phase shift in the s-wave channel.
It is important to consider the self-consistency of this
strong coupling fixed point. Is it really plausible that
λ → ∞ under renormalization? i.e. is the fixed point
stable? We can answer this last question by considering
all possible operators which could appear in the effective
Hamiltonian at the fixed point which might potentially
destabilize it. Importantly, these operators do not in-
volve the impurity spin since it is screened and does not
appear in the low energy Heff . We must form opera-
tors purely from the electron operators and these can be
shown to be irrelevant at this fixed point. [Actually, they
are only strictly irrelevant when exact particle-hole sym-
metry is present. Otherwise there is one exactly marginal
operator. However, it is not important for our purposes.]
Now consider the case of general S and k and again
assume J >> t. Now the groundstate will have k elec-
trons at the origin, one from each channel. They will
lock into a spin k/2 configuration. This spin k/2 couples
antiferromagnetically to the impurity of spin S. The re-
sulting groundstate will have a residual impurity spin of
magnitude |S − k/2|. This is non-zero in general, except
in the case S = k/2. This is referred to as underscreen-
ing when k/2 < S and overscreening when k/2 > S. A
crucial question is whether this effective spin couples fer-
romagnetically or anti-ferromagnetically to the conduc-
tion electrons. This is a straightforward calculation and
the sign can actually be deduced from the well-known
result that the induced Heisenberg exchange from the
Hubbard model is antiferromagnetic. For similar rea-
sons, the induced exchange interaction between the spin
of the electrons trapped at 0 and the electron spins on
the surrounding sites is antiferromagnetic. However, this
is not the end of the story. We must consider the sign
of the projection of the electron spin at the origin onto
the effective spin (of size |S − k/2|). This is positive in
the overscreened case, k/2 > S and negative in the un-
derscreened case, S > k/2. Thus the effective Kondo
interaction between the over (or under) screened spin at
the origin and the conduction electron spins on the sur-
rounding sites is antiferromagnetic in the overscreened
case (but ferromagnetic in the underscreened case). This
effective Kondo coupling is of order:
Jeff ∝ t
2/J, (2.10)
which is≪ 1 in magnitude, for strong coupling. Thus we
may analyse its RG flow using weak coupling perturba-
tion theory, Eq. (2.3). The conclusion is that the strong
coupling fixed point is stable in the underscreened case,
where the partially screened spin of size S − k/2 asymp-
totically decouples from the free conduction electrons.
On the other hand, the strong coupling fixed point is un-
λ
eff
0
x
λ
c
FIG. 2: Renormalization group flow for the overscreened
Kondo models.
stable in the overscreened case where the antiferromag-
netic Kondo coupling of the overscreened effective spin
to the surrounding conduction electrons is relevant. We
can summarize this situation by the RG flow diagram in
Fig. (2). Both zero coupling and strong coupling fixed
points are unstable and the RG flows from either weak
or strong coupling go to the intermediate coupling fixed
point at low energies. These arguments don’t depend on
k being large and we expect them to be qualitatively cor-
rect in general. Thus we conclude that the multi-channel
Kondo model has a non-Fermi liquid stable low energy
fixed point whenever k > 2S.
Unfortunately, these arguments don’t tell us much
about the low energy physics, except in the case k >> 1
where some information can be extracted from weak cou-
pling perturbation theory since λc << 1 in that case.
Therefore, we turn to more powerful methods.
III. 1 DIMENSIONAL PHYSICS
The Kondo model is fundamentally 1-dimensional.
This is a fortunate observation because there are special
techniques, applicable only in 1 dimension (1D), which
can be brought to bear on the problem. To derive the
1-dimensionality in a simple way, we begin with a 3 di-
mensional model with a spherically symmetric dispersioin
relation and assume that the Kondo interaction is a spa-
tial δ-function. If we then expand the electron operators
in spherical harmonics, only the s-wave harmonic couples
to the impurity. The s-wave theory is equivalent to a 1D
model defined on the 1/2-line x > 0. Upon linearizing
the dispersion relation, valid for weak Kondo coupling
where we are only concerned with low energy states, the
Hamiltonian becomes:
H =
ivF
2π
∫ ∞
0
dx
[
ψ†L
d
dx
ψL − ψ
†
R
d
dx
ψR
]
+vFλψ
†
L(0)
~σ
2
ψL(0) · ~S, (3.1)
with the BC:
ψR(0) = ψL(0). (3.2)
[See, for example, App. A of Rev. (12) for a de-
tailed derivation.] This corresponds to a relativistic Dirac
fermion, on the 1/2-line, interacting with the impurity
spin at the origin. (We henceforth generally set the Fermi
velocity, vF , which plays the role of velocity of light, to
1.)
5A phase shift by δ (at all wave-vectors) corresponds to
the BC:
ψR(0) = e
2iδψL(0). (3.3)
In particular, for δ = π/2 we get a new effective BC at
the strong coupling fixed point:
ψR(0) = −ψL(0). (3.4)
For any finite coupling, the phase shift would vary with
k but in the strong coupling limit, in a theory with a
reduced bandwidth from RG transformations, we may
consider the phase shift to be π/2 at all k. We then
obtain this simple change of BC’s. So, the low energy
effective Hamiltonian in the Fermi liquid case is simply:
H =
i
2π
∫ ∞
0
dx
[
ψ†L
d
dx
ψL − ψ
†
R
d
dx
ψR
]
, (3.5)
with the new BC of Eq. (3.4). The impurity spin has
disappeared from the low energy Hamiltonian and we are
left with free fermions with a modified BC as the fixed
point Hamiltonian.
Starting with a weak bare coupling, the only leading
irrelevant operator can be shown to be:10
Hint =
1
TK
~J(0)2, (3.6)
where,
~J(0) ≡ ψ†(0)
~σ
2
ψ(0), (3.7)
and TK appears here simply as a coupling constant. The
free fermion propogator is:
< ψ(τ, 0)ψ†(0, 0) >=
1
τ
. (3.8)
Consequently the fermion operator has an RG scaling
dimension of 1/2 and the ~J(0)2 interaction has dimen-
sion 2. The corresponding coupling constant thus has
dimensions of inverse energy which justifies our calling
it 1/TK in Eq. (3.6). [It follows from standard scaling
arguments that this coupling constant, with dimensions
of inverse energy should be of O(TK). That it should be
precisely 1/TK is just a matter of definition of TK .] It is
straightforward to do perturbation theory in 1/TK when
calculating low energy (eg. low temperature) quantities.
This generates a series in T/TK (or more generally E/TK
where E is the energy at which a physical quantity is be-
ing calculated.)
Actually, there is another operator allowed in Heff
when particle-hole symmetry is broken, ψiα†(0)ψiα(0).
This has dimension 1 and is marginal. However it can be
shown to be strictly marginal; i.e. it does not renormalize
at all. It generally has a small value and can be ignored.12
In this simple case the new BC at the low energy fixed
point is the trivial one of Eq. (3.4). This turns out to
be a fortuitously simple example of a much more general
phenomenon to which we now turn.
IV. CONFORMALLY INVARIANT BOUNDARY
CONDITIONS
In quantum field theory in 1 space and 1 time dimen-
sions, it is sometimes convenient to combine space and
imaginary time (τ) variables into a complex co-ordinate:
z ≡ τ + ix. (4.1)
The conformal group is the set of analytic tranforma-
tions:
z → w(z). (4.2)
The fact that this group is infinite dimensional in 2 space-
time dimensions leads to many remarkable results. A
quantum field theory defined on the half line, x > 0, i.e.
the upper half z-plane in the space-time picture, cannot
be invariant under the full conformal group. However,
it can be invariant under the infinite sub-group which
leaves the real axis (i.e. the boundary) invariant:
w(τ)∗ = w(τ). (4.3)
These transformations include time-translations, z →
z + τ0 scale transformations, z → az (a ∈ R
+) and an
infinite set of others. Cardy developed powerful methods
for classifying, discovering and studying all conformally
invariant BC’s.9
An essential point to grasp about Cardy’s general the-
ory of conformally invariant BC’s is that generally it is
not possible to state explicitly what the BC is. Fortu-
nately this is not neccessary and all physical implica-
tions of a given BC can be extracted by ingenious indi-
rect methods. It is useful to consider a complete set of
conformally invariant BC’s for a specified bulk confor-
mal field theory (CFT). For the Kondo model the bulk
CFT is simply the free fermion Hamiltonian (with 2 spin
components and k channels.)
The study of the finite size spectrum (FSS) plays a cen-
tral role in conformal field theory. In the case of bound-
ary CFT (BCFT) it is very useful to study the FSS on a
strip of length l with conformally invariant BC’s A and
B at x = 0 and x = l. The complete set of finite size
spectra (for a given bulk CFT) with an arbitrary pair of
conformally invariant BC’s actually encodes all informa-
tion about all the boundary conditions. For instance, all
Green’s functions on the semi-infinite line with an arbi-
trary BC at x = 0 can then be calculated both close to
and far from the boundary for an arbitrary BC. (Here we
assume that the bulk Green’s functions, in the absence
of a boundary, are already know.)
The method that Ludwig and I used11 to find the
correct BC’s corresponding to the overscreened Kondo
models was actually based on first finding the FSS by
a plausible conjecture. Apart from its fundamental role
in BCFT, this FSS is also important because it is com-
monly calculated by Wilson’s numerical renormalization
group (NRG) method3 for Kondo models. Comparisons
6of the numerical FSS with the BCFT prediction provides
a powerful check on a conjectured BC.22
Let us first consider the FSS with the BC’s:
ψL(0) = ψR(0)
ψL(l) = −ψR(l). (4.4)
Since these BC’s are true at all times, and since ψL is a
function only of t+x while ψR is a function only of t−x,
it is possible to regard the right movers as the reflection
of the left movers about either boundary. i.e.
ψR(x) = ψL(−x) = −ψL(2l− x) (0 < x < l). (4.5)
Thus we may equivalently work with left-moving
fermions only on a circle of radius 2l with anti-periodic
BC’s. The corresponding free fermion FSS can be de-
composed into multiplets of spin, SU(2) and channel
symmetry, SU(k). Furthermore all states have a defi-
nite charge, as measured from that of the ground state.
In fact, using conformal field theory techniques it is pos-
sible to decompose the spectrum into charge, spin and
channel factors in a much more powerful way.11 Any state
can be regarded as a produce of spin, channel and charge
states with the excitation energy a sum of spin, chan-
nel and charge energies. Furthermore, all spin states can
be grouped into a finite number of “conformal towers”.
These have the properties that the energies of all states
in a conformal tower have the form:
E − E0 =
π
l
[∆ + n] , (4.6)
where n is a non-negative integer which generally takes
all values from 0 to ∞ in each conformal tower and ∆
is a non-negative real number which is fixed for a given
conformal tower. The spin quantum numbers of the infi-
nite set of states in a given conformal tower are not fixed
but range from a lowest value, j to infinity. The spin
conformal towers are conveniently labelled by the spin of
the lowest energy state in the tower. [A similar structure
also exists for channel and charge conformal towers but is
not relevant to the present discussion.] It turns out that,
for k channels of fermions, there is a total of k + 1 spin
conformal towers labelled by spins j = 0, 1/2, . . . k/2.
We now consider the FSS that occurs when we main-
tain the trivial BC of Eq. (4.4) at x = l but introduce
a non-trivial BC at x = 0 corresponding to the Kondo
model fixed point for spin S and k channels. We found
that the FSS in this case can be obtained from the spec-
trum with the free BC’s of Eq. (4.4) by application of a
general method introduced by Cardy (in this boundary
context) and known as “fusion”. The fusion rules give
an algorithm for generating a new spectrum. In this spin
context the fusions rules are a generalization of the ordi-
nary angular momentum addition rules. The algorithm
states that for each spin conformal tower occuring in the
spectrum with the BC’s of Eq. ( 4.4) with spin j, a set
of conformal towers occur in the Kondo spectrum with
spin
j′ = |j − S|, |j − S|+ 1, . . . ,min(j + S, k− j − S). (4.7)
Here the last quantity represents the minimum of j + S
and k − j − S. To take a simple example, for S = 1/2,
k = 2, the 3 conformal towers have j = 0, 1/2, and 1.
The fusion rules replace these conformal towers by:
0 → 1/2
1/2 → 0, 1
1 → 1/2. (4.8)
In general, in the spectrum for the trivial BC’s of Eq.
(4.4) each time the spin j conformal tower from the spin
sector occurs together with some product of channel and
charge conformal towers we must replace it by a sum
of new products of conformal towers with j replaced by
the set of values of j′ given in Eq. (4.7). This finite
size spectrum was compared to NRG results, in the case
k = 2, S = 1/2 with excellent results.22
Generalizing this approach, we can generate spectra
corresponding to any pair from a complete set of BC’s
corresponding to a spin S impurity at x = 0 and a spin
S′ impurity at x = l with S, S′ ≤ k/2. Furthermore,
this represents a complete set of spectra which contains
enough information to determine the boundary Green’s
functions on the semi-infinite line with a Kondo BC at
x = 0.
Note that we have turned the intuitive physical idea
that the spin-S impurity is somehow screened by the con-
duction electrons into a precise algorithm which gives the
FSS and all other critical properties.
Also note that since the spin conformal towers are la-
belled by spins from j = 0 to j = k/2 only, in the under-
sceened case, S < k/2, it is not possible to construct the
new spectrum as outlined above. In the underscreened
case S is replaced by k/2 in Eq. (4.7) and a decoupled
impurity of size Simp = S − k/2 remains in the low en-
ergy spectrum. It can be shown that fusion with the
maximal spin conformal tower, j = k/2, always gives a
trivial spectrum corresonding to the new BC:
ψR(0) = −ψL(0). (4.9)
Thus we get a Fermi liquid groundstate with a decoupled
impurity spin, consistent with the naive strong coupling
picture discussed in the previous section.
Without attempting to give more details on the
method, we now summarize some of the results which
emerge from this BCFT approach.
One of the most intriquing results is an exact formula
for the equal-time correlation function of the left and
right moving fermions:14
〈ψ†iαL (x)ψRjβ(x)〉 =
cos[π(2S + 1)/(2 + k)]
cos[π/(2 + k)]
·
δijδ
α
β
2x
.
(4.10)
(Here, and in the formulas below it is assumed that S ≤
k/2. Otherwise S must be replaced by k/2.) The free
bulk Green’s function is:
〈ψ†iαL (x)ψLjβ(x)〉 =
δijδ
α
β
2x
. (4.11)
7In the exactly screened, or overscreened case, S = k/2,
simple algebra shows that Eq. (4.10) reduces to:
〈ψ†iαL (x)ψRjβ(x)〉 = −
δijδ
α
β
2x
. (4.12)
Comparing to Eq. (4.11), we see that the change of sign
just reflects the Fermi liquid BC, ψR(0) = −ψL(0), i.e.
the π/2 phase shift. In general, we may write:
〈ψ†iαL (x)ψRjβ(x)〉 = S
(1) ·
δijδ
α
β
2x
, (4.13)
where S(1) is the S-matrix amplitude for an incoming
electron to scatter into 1 electron (and no holes) at zero
temperature and right at the Fermi surface. In the Fermi
liquid case |S(1)| = 1. In the non-Fermi liquid case,
|S(1)| < 1. Since the S-matrix must be unitary when all
processes are included, this implies that the probability
of producing multi-particle final states is finite, even at
T = 0 and right at the Fermi surface in the overscreened
case. This is perhaps the clearest demonstration that the
overscreened fixed points correspond to non-Fermi liquid
groundstates. From this single fermion Green’s function,
in the presence of a single impurity at the origin, we can
find the self-energy in the case of a dilute random array
of impurities, and hence the resistivity. This gives the
T = 0 dc resistivity:
ρ(0) =
3ni
kπ(eνvF )2
[
1− S(1)
2
]
. (4.14)
Here ni is the density of impurities. In the case S
(1) =
−1, (π/2 phase shift) we obtain the “unitary limit” re-
sistivity. In non-Fermi liquid cases the resistivity is re-
duced. A useful check is to consider the large k limit.
In this case, S(1) → 1 and we recover the Green’s func-
tion with the original BC ψR(0) = ψL(0). In this limit,
the resistivity goes to zero. This corresponds to a weak
critical Kondo coupling, λc = 2/k → 0, from Eq. (2.5).
The case k = 2, S = 1/2 (or, in general k = 4S) is espe-
cially interesting because now S(1) = 0. In this case all
the scattering is multi-particle with zero amplitude for a
single electron to scatter into a single electron!
It is also possible to calculate the leading T dependence
of the resistivity at low T .15 This requires doing per-
turbation theory in the leading irrelevant coupling con-
stant at the low energy fixed point. Our solution for the
non-Fermi liquid BC determines this coupling constant
to have renormalization group eigenvalue:
y = 2/(2 + k). (4.15)
It then follows by a standard scaling argument that this
coupling constant is 1/T yK times a constant of order 1.
Thus the resistivity, at low T goes as:
ρ(0)→
3ni
kπ(eνvF )2
[
1− S(1)
2
]
[1 + c(T/TK)
y] . (4.16)
Here c is a constant of O(1). In the Fermi liquid case, the
leading irrelevant operator is ~J2(0) as mentioned in the
previous section and the corresponding coupling constant
has dimension 1. However, in this case it contributes to
the resistivity only beginning in second order or pertur-
bation theory giving:
ρ(0)→
3ni
kπ(eνvF )2
[
1− c(T/TK)
2
]
. (4.17)
In particular the T dependence of ρ is quadratic for k = 1
but square root for k = 2 and S = 1/2.
The impurity entropy also shows interesting behavior.
In the Fermi liquid case, at T = 0, this is simply:
Simp(0) = 2Seff + 1, (4.18)
where Seff = S − k/2, is the size of the underscreened
spin. (This becomes zero for exact screening.) This is
simply the entropy of a decoupled spin of size Seff and re-
flects the asymptotic decoupling of the electronic degrees
of freedom from the partially screened spin at T → 0.
On the other hand, from the non-Fermi liquid BC for
overscreening, we find:13
Simp(0) =
sin[π(2S + 1)/(2 + k)]
sin[π/(2 + k)]
. (4.19)
This is always between 1 and 2S + 1, corresponding to
non-trivial partial screening of the impurity spin. It is
generally not an integer. This result was first obtained
from the Bethe ansatz solution of the multi-channel
Kondo problem7,8 and thus provides a valuable check on
the BCFT approach.
The T -dependence of the impurity entropy at low T ,
i.e. the specific heat, can also be calculated from low-
est order perturbation theory in the irrelevant operator.
It can be found at all T from the Bethe ansatz, giving
compatible results. The same is true of the impurity sus-
ceptibility. These quantities exhibit fractional power law
behavior in the non-fermi liquid case:12
Cimp(T ) → (T/TK)
2y
χimp(T ) → (T/TK)
2y−1. (4.20)
The behavior is different in the special case k = 2, S =
1/2 where 2y = 1. We now obtain:
Cimp(T ) → (T/TK) ln(TK/T )
χimp(T ) → ln(TK/T ). (4.21)
V. SYMMETRY BREAKING PERTURBATIONS
AND PHYSICAL REALIZATIONS
The multi-channel Kondo model has an exact SU(k)
channel symmetry in addition to exact SU(2) spin sym-
metry. In possible physical realizations this symmetry is
usually partly broken by extra terms in the Hamiltonian.
8For instance, the channel symmetry might be broken
with 1 channel coupling more strongly to the impurity
that the rest. The interaction term of Eq. (1.7) is then
modified to:
H =
∑
~kα,i
ψ†αi~k
ψ~kαiǫ(k) +
~S ·
∑
~k~k′,i
Jiψ
†i
~k
~σ
2
ψ~k′i (5.1)
It is easy to see how this effects the β-functions for the
k different couplings, λi. The quadratic term is a self-
interaction whereas the cubic term contains a Fermion
loop which implies a sum over all channels:
dλi/d(lnD
′) = −λ2i + (k/2)λi
k∑
j=1
λ2j +O(λ
4).] (5.2)
If one of the coupling constants, say λ1, is initially larger
than the rest, then Eq. (5.2) implies that it grows faster
than the rest. Indeed, the other couplings eventually
start to decrease under renormalization. This begins to
happen when the j = 1 term in the cubic term in β-
function for λi (with i > 1) starts to dominate over the
quadratic (and other) terms. The simple physical pic-
ture, in the S = 1/2 case, is that one channel screens
the impurity and the other k−1 channels asymptotically
decouple. Thus we effectively get a single channel fixed
point which is of Fermi liquid type.
We note in passing that this observation may be im-
portant in explaining why single-channel Kondo behav-
ior is apparently observed quite commonly in metals with
dilute magnetic impurities. Our discussion so far has al-
ways assumed that the Kondo interaction was a spatial
δ-function, so that only the s-wave degrees of freedom
of the electrons couple to the impurity. Allowing for a
finite range interaction, the other harmonics will couple
as well. We can still map to a 1-dimensional model but
with many channels, all with different Kondo couplings.
Since the s-wave will generally couple most strongly the
previous naive 1-channel analysis still applies.
To actually verify that channel symmetry breaking is a
relevant perturbation at the non-Fermi liquid fixed point
it is neccessary to calculate the scaling dimension of the
most relevant new operator which appears in the Hamil-
tonian when channel symmetry is broken. The conclusion
is15 that this operator has dimension, ∆ = k/(2+k), and
thus is relevant.
Another possible type of symmetry breaking interac-
tion is exchange anisotropy which preserves channel sym-
metry but breaks ordinary spin-rotation symmetry. This
is found to be irrelevant at both Fermi and non-Fermi
liquid fixed points.15
Finally, we can consider a local magnetic field, acting
only on the impurity spin. This is found to be relevant
at the non-Fermi liquid fixed points.15 In particular, the
corresponding boundary operator has dimension 2/(2 +
k).
There have been several proposals for experimental re-
alizations of non-Fermi liquid Kondo behavior, primarily
in the simplest case k = 2, S = 1/2. An early proposal
involves an atom in a double well potential coupled to
conduction electrons.23 In this case, the two different lo-
cations of the atom correspond to Sz = ±1/2 for the
impurity “spin”. A simplified treatment keeps only 2
angular momentum states of the conduction electrons,
the s-wave and the p-wave (with aximuthal component,
m = 0). These two angular momentum components of
the conduction electrons play the role of conduction elec-
tron spin. A very anisotropic Kondo interaction exists
between the conduction electrons and the atom. The
σzSz term represents electrons in either channel scatter-
ing off the atom in either location. the σxSx term rep-
resents “electron-assisted tunnelling” in which the atom
tunnels from one location to the other while the scat-
tering electron changes angular momentum states. It is
crucial to note that the real electron spin is assumed to
be a completely passive quantum number in the scat-
tering/tunnelling process. Thus it plays the role of the
“channel” in the 2-channel Kondo model. Since spin
anisotropy is irrelevant, as mentioned above, this model
would renormalize to the non-Fermi liquid fixed point.
However, there are 2 other interactions which must be
included. One of these is direct tunnelling of the atom
between the 2 locations (without any electron involve-
ment). This corresonds to a term ∆ · Sx in the Hamilto-
nian, where ∆ is a parameter with dimensions of energy.
Finally, the energies of the atom at the 2 locations are
generally unequal, leading to a term ∆0 · S
z. Both of
these terms correspond to a local magnetic field acting
on the impurity only, which is relevant, as mentioned
above. Only if
∆,∆0 ≪ TK (5.3)
does non-Fermi liquid behavior occur. In that case we
expect we expect to see approximate non-Fermi liquid
behavior over an intermediate energy range:
∆,∆0 << E << TK . (5.4)
It is not obvious that the condition of Eq. (5.3) ever oc-
curs in any real system although various proposals have
been made. A relatively recent proposal involved elec-
trons tunnelling through a nano-constriction.24 The pro-
posal is that, in some cases, the tunnelling goes through
localized states in the nano-constriction which can exist
in 2 different configurations, corresponding to “impurity
spin”. A closely related proposal involves crystal field
states of an atom in a crystal.23
Another pair of proposals involves the Coulomb blo-
cade in a quantum dot. In one scenario25 the voltage on
the quantum dot is tuned to a critical point where 2 pos-
sible charges of the dot have the same energy. In this case
the 2 charge states of the dot behave as the effective Sz
eigenstates. Again the electron spin plays the role of the
2 “channels” in the effective 2-channel Kondo model. An
alternative scenario26 involves a quantum dot where the
voltage is such that there is an odd number of electrons on
9the dot which is then assumed to have a spin-1/2 ground
state. This is closer to the original formulation of the
Kondo model in which it is real electron spin which cou-
ples to the impurity. In the usual transport experiments,
where 2 normal leads are connected to the quantum dot,
a single channel Kondo model is appropriate. This single
channel correponds to the symmetric linear combination
formed from the 2 leads (“s-wave”). In fact, even if a
larger number of normal leads is connected to the dot,
the single channel Kondo model is still the appropriate
description because only a single symmetrized channel, a
symmetric linear combination formed from all the leads,
couples to the spin of the quantum dot. A 2 channel
model can be obtained if one of the leads is replaced by a
mesoscopic sized island of electrons, a “large dot”. In this
case tunnelling of electrons onto or off of this island may
be suppressed by its Coulomb blockade. If only Kondo
coupling terms are kept in the Hamiltonian which pre-
serve the number of electrons on this island, it can acts
as a second channel leading to 2 channel behavior. How-
ever, this requires that the finite-size level spacing of spin
excitations of the island be small compared to the Kondo
temperature which itself must be small compared to the
Coulomb blockade energy. Furthermore, a gate voltage
must be fine-tuned in order to make the Kondo couplings
to the two leads equal.
Thus, it remains an interesting open question which
or not non-Fermi liquid behavior in a Kondo model has
been or will soon be observed experimentally.
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